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In the paper above, Theorem 2 and its proof are incorrect. Because the 
function l{t) in (2.3) never vanishes at f = T, the key Lemma 1 is not cited 
correctly, so we cite Lemma 2.4 in [3] as our key lemma in this corrigendum. 
Due to this consideration, we need to widen the bounded domain Q = Vl x 
(0,r) in (1.1) to Q = ^ X (0) r" + (^o), where 5o is an arbitrary hxed positive 
constant, i.e., we consider the following parabolic problem 


ut = Au + f{x,t), 


du 

dvA 


0 , 


u{x,0) = g{x), 


in Q = D X (0, T + (Jo), 
on dfl X (0, T + 5o), 
in D 


( 0 . 1 ) 


in Theorem 2, where T is a uniformly elliptic operator of second order with 
X—dependent coefficients, and is the conormal derivative with respect to 
u. The admissible set is given by 


tl={(/.s)|(/,9) 


and the source function / in (0.1) satishes 

|/i(x,t)| < Go |/(x,T)| , {x,t)eQ, (0.2) 

for some positive constant Gq. Then the modihed function l{t) = t{T + ho ~^) 
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in (0.3) vanishes at t = T + Sq. Moreover, 


p{x,t) = 


w 


9{x, t) = 


^\ip{x) _ g2A||)/j(3;)||c(n) 

W) 


(0,3) 


is modified to u 

rx(T-(5i,T+<5i) 

common measurement u 


and 'il){x) is defined in [3] Lemma 2.3. As for the detail proof of existence of 
one can refer to Lemma 2.3 in [3]. Especially, the boundary measurement 

((5i will be defined later). Compared with the 

, the measurement time is a subset of whole 
rx(0,T+<5o)’ 

time interval (0,r + ^o), which is more widely used in many applications. 
By doing above modification and following [3], we can actually obtain the 
Lipschitz stability for the source. 


All these modifications are only used in Section 2 for obtaining the con¬ 
ditional stability and uniqueness, i.e. Theorem 2, Theorem 4 and Corollary 
5. Because Theorem 4 and Corollary 5 are direct results of Theorem 2, we 
just focus on the corrections for Theorem 2, then the corrections for Theorem 
4 and Corollary 5 are similar. In the other sections, the parabolic problem 
(0.1) is still considered in bounded domain Q = x (0,T) and boundary 
measurement is u 


rx(o,T) 


Lemma 1 [3] There exists a number A > 0 such that for an arbitrary A > A 
we can choose so(A) such that for all s > so{X), the solution of parabolic 
problem (0.1) u{f,g) E satisfies the following inequality 


'Q 


{spf ^[\dtu{f,g)\‘^ + \dAu{f,g)\‘^] + {spY+^\Vu{f, g)( 

V ij = l 


+ {spA^\u{f, g)\'^je'^'^^dxdt < C J {spYlfA'^^^dxdt 


C 


irx{0,T+5o) 


{spy\dtu{f, gA + (sp)^+^ I Vw(/, ^) 1^ 

+ {spA^\u{f,g)\AdSdt p = 0,l (0.4) 


where the constant C depends on \, but independent of the large parameter s. 


Theorem 2. (Conditional Stability) For every hi G (0, min{ho, T}] and 
{f,g) G C, let u{f,g) be the solution of (0.1), then we have 


( 1 ) 

( 2 ) 


||/||l 2 (q) < C\\(u{f,g){-,T), u{f,g)'^\\H'2{n)xH'2{rx{T-Si,T+5i)y, 
ll 5 'l|L 2 (fi) <C \n\\(u{f,g){-,T), «(/,O'))||/f2(fi)xH2(rx(T-<5i,T+(5i)) 


-1 


2 









where (7 is a positive constant, and 


II {u{f, g){-, T), u{f,g)'j\\m{n)xH^{rx{T-5i,T+5i)) 

= (ll^(/) ^)llr/2('f^) + ||'f^(/, 5')||H2(rx(r-5i,T+<Si)) 




The proof of Theorem 2 is very similar to the one in [3], and we correct it 
as follows. 


PROOF. (1) For every (5i e (0, min{5o) we have 0<T — 6i<T< 
T + di < T + 6o. Then we can constrnct weight functions as (0.3) in Qi = 
n X {T-6i,T + 6i), i.e. 

gAplx) 

Pi(x,t) = 

6i{x,t) = 


hit) ’ 

gApCx) _ h^M\i’i^)\\c(n) 

W) 


for (x, t) G Qi, where '0(x) is defined in (0.3). Similar to [3], by the time trans¬ 
form i = t — T + Si, we can change Qi into Qi = {(x, t)|(x, i) E fl x (0, 25i)}, 
and change Q = {(x,t)|(x,t) G fix (0,r -|- 5o)} into Q = {{x,i)\{x,i) G 
fi X (—T -|- hi, ho + hi)}. We focus on the domain Qi, using the transform 
above, the weight functions become into 


hit) = t(2hi - t), 

gAy(x) 

piix,i) = 

9iix,i) = 


hit) 

gAy(x) _ h^M\i’{^)\\c(n) 

W) 


for (x, i) E Qi. Setting ft(x, i) := n(x, t-|-T —hi) and /(x, i) := fix, i+T — Si), 
then u in Qi satisfies the following parabolic equation 


'Ui = Au + fix,i), in Qi, 

= 0, on afi X (0,2hi), 

^^(x, 0) = m(x, T — hi), in fi. 


(0.5) 


Since if,g) E U, the solution of parabolic problem (0.1) u E iQ). We 
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define v := Uf, then v^, Av exist and v satisfies 
(vi^ Av + fi(x,i), in Qi, 

j|^ = 0, on SJix (0,2,5,), (0.6) 

[n(x, 0) = { 1 ^( 0 :, 0), in il. 

Owing to fi e and ui{x,Qi) G we see the solntion of (0.6) 

V G {Qi). Noting that the weight fnnctions in Qi are consistent with 

the ones in Q, we can still use the Carleman estimate (0.4) in Qi. Thus, from 
Lemma 1 with p = 0, we get the Carleman inequality for n, that is, there exists 
A > 0 such that for A = A we can choose So(^) such that for all s > So (^)5 ^ 
satisfies 


'Qi \ spi 


I ^ \didjv\’^ I + spi|Vnp + ) e^^^^dxdi 


ti=i 


<C / \f^{x,i)\‘^e‘^^^^dxdt + C 

JQi Jrx{0,2Si) 


[ (\9iv\‘^ + ■spilVnp + dSdi, 

Jrx('0,2<5i') ^ ^ 

(0.7) 


where we set A = A in pi, 9i, and throughout this section, C always denotes 
a positive generic constant which depends on A, but independent of large 
parameter s. 

In particular, from above time linear transform, we find the measured time 
t = r is changed into i = di. Therefore, in Q, the condition (0.2) becomes 
into 


fl{x,t) <C'o f{x,Si) , (x,t)€Q. 


( 0 , 8 ) 


Since 9i{x,t) < 9i{x,Si), for {x,t) G Qi, and from the condition (0.8), then 
(0.7) yields 


<C 


IQ ^ ^ I + spi|Vn|2 + I e^^^^dxdt 

2 




+ C / (\div\^ + spilVnP + dSdi, 

Jrx{o,2Si) ^ ' 

(0.9) 


Vs > So (A). 

According to v{x, hi) = + f{x, hi), where 


^Siq= £ ^ (aij(x)^(x,hi)^ + ^6i(x)^(x,hi) + c(x)g(x,hi). 


3t■ \ ^ 3t • 

= l \ ^^3 / 2=1 


( 0 . 10 ) 
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we have 


f{x,6i) < 2 f s\v{x,6i)f 


+ 2 / s\As,u\\^^^^^^'^^^dx. 
Jn 


( 0 . 11 ) 


Thanks to the construction of 9i{x,t), the following inequality is hold 

^M\''PiA\\c(n) _g^ll'^(*)llc(n) 


6»i(x,f) < 




, {x,t) e Qi- 


( 0 . 12 ) 


writing M := 


^2A||V.(x)||^(J^)_^A||V^(.)||^(-) 

5? 


> 0, by utilizing 


0 (t —)■ O’*") and \di9i\ < Cp\ in Qi, (0.11) implies 


[ s f{x,5i) 
Jn 




<2 [^' ^( [ sv\x,i)e^^^^^^’^^dx) di + Cse-^^^ 
Jo ot \Jn 


= 2 
< 2 

< 2 


Ox(0,5i) 


(2sv{div) + 2s\di9iy) e^^^^^^’^Uxdi + Cse-^^^ ||h(x, 

dxdi 


'Ox(0,<5i) \y/spi 

+ Cse-^^^ \mx,di)\y^^) 



{div)e^^^ ) ( s\Jspive ^^^) dxdi + C 
2 


r2x(0,(5i) 


/Ox(0,(5i) Spi 


■\div\'^e^^^^dxdi + 2 [ pydxdi 


+ C 


Ox(0,(5i) 

py dxdi + Cse~^^^ ||h(a:, hi) . 


/r2x(0,5i) 

Compare the last inequality with (0.9), it follows that 


c) [ /(x,hi) < c / (\dy + sppvv\ys^piy)dsdi 

Jn JrxioaSi) ^ ' 


/rx(0,25i) 

^-2sM 


+ Cse \\n{x,6i)\\„,f„y Vs > So(A). 


(0,13) 


On the other hand, in term of (0.8) in Q, we hnd 

rSi 


i \f{x,i)y‘^^^^^^’^^^dxdi= 


IQ 


IQ 


fy,0d^ + fix,di) 


< 

<c 



Q 


rSi 


\yx,o\d^ 


+ 






■ e^Aepx A) dx. 


e^^iid-Mdxdi 

(0.14) 
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From (0.13) and (0.14), it follows that 

(s-C) [ <C f (\div\^ + spilVnp + dSdi 

JQ Jrx{ 0 , 2 Si) ^ ^ 

+ Cse“^'" ||S(i,<Si)llii(n), Vs > So(A). 

(0,15) 

Furthermore, setting si(A) := max{so(A), 2(7}, and we obtain 

- / <- f (\div\^ + spilVnp + s=^p?|np) dSdi 

2 JQ 2 jrx(o,2(5i) ^ ^ 

+ (7e"^"^ ||m(x,5i)||5^2(q) , Vs > si(A). 

(0.16) 


In view of the continuity of 9i{x,5i), we see there exist a positive constant 
Ci(A) such that 0i(x,5i) > —Ci(A), Vx G fl, and so 


/ \f{x,i)\^dxdi < Cs^e^^hAh f (\d-y \2 ^ |y ^|2 ^ |y| 2 \ 

JQ JTx{0,2Si) ^ ^ 

+ C'e 2 VVA)-M)s II, Vs > si(A). (0.17) 
Next we £x s in the right-hand side of (0.17), it concludes 


_\][x,l)'^dxdi\^ <C (M(-,hi), u{-,-)) 


'Q 


H‘2(n)xm{Tx{0,2Si)) 


(0,18) 


Hence, noting the time inverse transform, we convert back to the f-variable 
and obtain (1). 


(2) We directly write d := Ut in (0.1) and have 


'dt = Ad + ft{x,t), 


in Q, 

on dil X (0, T -|- ho), 
d{x,T) = Atu + f{x,T), in f2. 


1^ = 0 
duA 


(0.19) 


where the operator At is defined as (0.10). We decompose (0.19) as follows, 

( 0 . 20 ) 


wt = Aw + ft{x,t), in Q, 

S 7 = 0, on ailx (0,T + ho), 

^w{x, 0) = 0, in H, 


and 


'zt = Az, 

dz 


in Q, 

^ = 0, on aflx(0,T + ho), 

z{x,T) = Atu + f{x,T) — w{x,T), in 11. 


( 0 . 21 ) 
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Clearly, 'd = w + z, and then 'd(a:,0) = for all x G hi. Similar to the 

solution of (0.6), we hnd d G (Q). Consequently, 


||2;(-,0)||l°o(o) — ||'d(-,O)II loo(q) < C'||'d||^2+7.2^(Q) — CMq. 
Applying the well-know result (For example [4]), we have 

lk(-,^)l|L2(n) < {cMqY~t ■ \\z{-,t)\\'[ 2(^^), t G [o,r]. 

Furthermore, by the semigroup theory (See [7]), we get 


w{-,t) = w{t) = f S{t-T)fr{T)dT, 

Jo 

where S'(f), f > 0 is the Co-semigroup generated by A, and 

du 


D{A) = {ue L\n) I Au G L\n), 


du/ 


an 


= 0 . 


By the property of Co-semigroup and condition (0.2), it follows that 


lk(-,i)||L2(o) =J^ ||^(t-r)|| • \\fr{-,T)\\L2(n)dT 

< |Jc||/(-,T)|U.(^)dr 

<qi/(-,T)iu.(^), 

for all t G [0,T]. Employing (0.21), we can estimate 


||^?(-,^)IU2(n) <|k(-,i)|U2(n) + \\w{-,t)\\L2(n) 

<C\\z{;T)\\ 

L2(n) + c||/(-,r)|U.(o) 

<c(||n(-,r)b.(^) + ||/(•,^)|U.(^))^ + c||/(-,T)|U.(f,). 

Therefore, utilize the L^— estimation of u{-, T) in (1) (such as (0.13)), and note 
that \\u{-,T)\\jj 2 (^q-j and ||M||j:/ 2 (px(r- 5 i,T-i-(Si)) will be small enough, it implies 

\\g\\L2{n) =||w(-,0)||p2(Q) 

= 11 '<^i-,T)dT + u{-,T)\\l2^^) 

<c£{\\u(-X)\\HH«) + m-,T)\\LHn))*dT 

+ C\\n;T)hHm + M;n\LHn) 


1 - 

-II 

{u{f,g){-,T), u{f,g) 

)\\m{n)xm{rx{T-5i,T+5i)) 

In 


1 H2 (o) X H2 (r X (T-5i ,r+5i))) 


+ C'll (w(/. 5)('.r), «(/,(/)) II/f2(£j)xif2(rx(r-^i,7’+5i)) 
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-1 


<c 


(ll ('^(/) T), u{f, g)^\\m(n)xm(rx{T-Si,T+Si)) 
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